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OS ' Abstract 
O 

q ■ We construct a multiple star product method and by using this method, show that inte- 

gral forms of some star products can be written in terms of the path-integral. This method 
can be applied to some examples. Especially, the associativity of the skew-symmetrized 
Berezin star product proposed in ||SW|| , is recovered in large N limit of the multiple star 



product. We also derive the path integral form of the Kontsevich star product from the 
multiple Moyal star product. This paper includes some reviews about star products. 

jxj ■ 1 Introduction 

In recent years, a relation between superstring theory and a deformation quantization 
has been explored. D-branes, boundaries of open strings, are non-perturbative object of 
superstring theory. Matrix Models pF55, |IKKT|| were proposed as a D-brane action a few 



years ago. It is shown that a stable solution of this action is non-commutative manifold 
CDS| , |AllKK f r]j . This non-commutativity, however, comes from the Moyal quantization. 



So, this solution implies a flat D-branef]. If we regard some D-brane as space-time, we 
should study the deformation quantization of curved spaces in order to realize the quantum 
gravity. 

In order to proceed further it will be useful to clarify mathematical background of 
the deformation quantization. The star product was first introduced by Groenewold [Pr| , 
which is now known as the Moyal product [Moll . They associate an operator product to a 
noncommutative product of functions. Here, the operators are mapped into the functions 
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* We also derive a noncommutative gauge theory on a fuzzy sphere from the matrix model[[KTW] 
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by taking account the Weyl ordering. The Weyl ordering means a skew-symmetric definition 
as we will see later. Also Berezin tried to quantize curved phase spaces about 25 years ago 



and succeeded to quantize some Kahler manifold e.g. sphere |Be| . Recently the Berezin 
quantization has been generalized to arbitrary Kahler manifold ||RT|| . However the Berezin 
quantization is defined without skew symmetry, hence is not a generalization of Moyal one. 

The correlation between these methods of quantization is, however, not clear at all. 
In this paper, we attempt to skew-symmetrize the Berezin quantization by means of the 
multiple star product method. The multiple star products reduce to the path-integral 
form in large N limit. (See [5E, SI for the original ideas.) As a result, our formulation 



turns similar to the path-integral form of the Kontsevich quantization which is defined 
perturbatively on Poisson manifold [|Ko| but also can be described by a bosonic string path- 



integral |]CFj. Especially in the flat case, our star product coincides with the Kontsevich 
star product. 

This paper consists of the following sections. In section 2, we review the deformation 
quantization e.g. Moyal |Mo |, Berezin jBe, |1V11V1|| and Kontsevich |Ko| , |CT| ] quantization. In 



section 3, we first construct the multiple star product method and explain the symmetrized 
Berezin (or Wick type) star product IfSWj Maf] . We also study its associativity in detail. In 



section 4, we derive the path integral form of the Kontsevich star product on the flat plane 
from the multiple star product method. Section 5 is devoted to discussions. Appendix 
includes some examples that the multiple star product method is available. 

2 Deformation Quantization 

This section includes the definition and properties of the deformation quantization. We 
also review Moyal, Berezin and Kontsevich quantization briefly as examples. 

2.1 General Definition and Property 

The deformation quantization ||BFFLS| , fStfl is provided by a star product, which is defined 



by 

oo 

f*9= A m , (1) 

771=0 

where 

• A is a deformation parameter, 

. f,ge A = C°°(M)l\] 

C°°(M)[A] means that the coefficients of A power series are C°° functions on M , 

• B m are bi-differential operators (B m : A x A — > A), 
The deformation quantization has the following properties: 
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1. associativity 



2. m = 



3. m — 1 



f*(g*h) = (f*g)*h. 
B (f,g) = fg. 
B x {f,g) - B 1 (g,f) = {f,g} =2 y £a* i d i fd j g 1 



(2) 
(3) 
(4) 

(5) 
(6) 



It can be shown that one or more star product determined by (0) exist. The defor- 
mation quantization has the following equivalence called a gauge equivalence. * and *' are 
identified if 

f*>g> = D(f*g), (7) 

where /' = D(f), g' = D(g) and D is a differential operator (D : A — * A). However, we 
can take two simple gauges. One is the skew-symmetric gauge 



where i,j = 1, 2, ■ ■ ■ , d — dim(M) and {•, •} is a Poisson bracket which satisfies 

{/, {g,h}} + {g,{hj}} + {h{f,g}} = 0, 
so the skew-symmetric bivector field a satisfies 

a il d ia jk + a jl dia kl + a kl d ia ij = 0. 



The other gauge is 



B 1 (f,g) = -{f,g} = J2^d i fd j g. 

A i,3 



B 1 (f,g) = J2^d l fd j g, 



(8) 



(9) 



where (3 is the upper triangle matrix of a which satisfies = (3^ — ft 1 . So we call 
the star product determined by and (|) the skew-symmetric and asymmetric product 
respectively. We have three concrete examples of deformation quantization, which are put 
together in the following table. 



Manifold 


flat plane 


Kahler 


Poisson 


Quantization 


Moyal 


Berezin 


Kontsevich 


Symbol 




E 


* 


m = 1 


skew-symmetric 


asymmetric 


skew-symmetric 



We consider real two dimensional manifolds for the sake of simplicity from now on. 
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2.2 Moyal Quantization 

The Poisson bracket on the flat plane is defined by 

{/> 9} = £ijd if d i9 = d x fd p g - d p fd x g. (10) 

Thus = £ y /2 by (^). So we obtain the associative star product on the flat plane i.e. the 
Moyal star product as 

f*g(x,p) = f(x,p)e^ (dxd P~ d P dx) g(x,p) 

= fg + ^{f,9} + 0(\ 2 ). (11) 

This star product agrees with eq.(§) and (H), and satisfies the associativity from the fol- 
lowing results 

ei * (e 2 * e 3 ) = e-^ mi " 2+m2n3+ri3mi - nim2 - n2m3 - m3ni )eie 2 e 3 = (ei * e 2 ) * e 3 , (12) 
where e^'s are the Fourier series 

e . _ e i(mja;+nip) 

Here we require a usual canonical commutation relation 

[x,p]i, = x *p — p-k x = ih, (13) 

so that we obtain A = ih . Also this star product can be written by the integral form| Ba , 
because we have the following relations 

gi(mx+np) ^ ^i(m'x+n'p) ^—^(mn 1 —in' 'n) ^i(mx+np) ^i(m' x+n'p) (14) 

and 

■• ./..../.. ./...'./..' „ , , , 

^{mw+nr}) i^i(m'w i'+nrf) _ ^—^(mn' -m'n) ^i(rnx+np) ^i(m' x+n'p) (15) 



(•///•(•/;/ dtc'dif 2i S „• , ,n , ■ 

nh iih 

where 

1 1 1 

S 



x w w' 

p 7] 7]' 



The left hand sides of eq.flHD and (|U|) are equivalent, so that we obtain the integral form 
of the Moyal star product after multiplying arbitrary Fourier coefficients and integrating 
over m, n as 

f dwdrj dw'dr]' 2i S , _ 

f*g{x,P) = / — z —e^f{w,r])g(w ,rf). 16 

J nh nh 
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2.3 Berezin Quantization 

The Poisson bracket on the Kahler manifold is given as 

{f, 9} = -h z \d z fd- z g - d g fd s g), (17) 
1 

where h zz is the inverse of a Kahler metric 

h zS = d z d z K(z,z), 

and K(z,z) is a Kahler potential. The factor 2/i in eq.flTTD is necessary in order that the 
Poisson bracket becomes eq.(|l(J) in the flat case. The original Berezin quantization covers 
only Ricci flat Kahler manifold. The Berezin star product is defined by 

f*g(z, z) = J dfi v (v, v)e^' s ^f(z, v)g(v, z), (18) 

where $(z,z,v,v) is called the Calabi function and defined by the Kahler potential as 

z, v, v) = K{z, v) + K(v, z) - K{z, z) - K(v, v), (19) 

and the measure d\x v is determined by the metric as 

idz Adz 

d/j, u {z,z) = h z2 — . (20) 

Lixv 

This star product can be expanded around A = vjli = as follows 

f K g(z, z) = fg + \(B+(f, g) + B^(f, g)) + 0(\ 2 ), (21) 



where and B l are a symmetric part and a skew-symmetric part respectively as 

Bt = 2iAfg - g} + , B^ = l -{f )9 } (22) 

and 

A = ^h z ~ z d z d z \ogh z - z , {f,g} + = -.h*\d z fd- z g + d- z fd z g). 

If the manifold M is the Kahler manifold, A = ||RT|1 . Thus (|]) and @ are satisfied. Also 
the associativity is shown as the following. 

((ffcg)&h)(z,z) = J d/i u (v,v)d^(u,u)f(z,v)g(v,u)h(u, 2) e K^,w)+*(*,*,«,< 

(ftz(gf£h))(z,z) = J dfi u (v,v)dfi u (u,u)f(z,v)g(v,u)h(u, ^) e M^™)+*(^)). 
The Calabi function clearly satisfies 

<&(z, u, v, v) + $(z, z, u, u) = $(f , z, u, u) + $(z, z, v, v), 
so the associativity is shown: 

((fm)&h)(z,z) = (ffE(gfEh))(z,z). (23) 



2.4 Kontsevich Quantization 

The Kontsevich quantization covers the Poisson manifold (M) which is a general man- 
ifold with the Poisson structure. He perturbatively solved B m (f, g)'s under the conditions 
(!),(§ and © as 

B rn (f,g)= £ w r B r (f,g), (24) 
reG m 

where G m is a set of diagrams related to the number m , Br(f, g) is a bi-differential operator 
determined by the Feynman diagram and u>r is a weight ||Ko|| . Thus Kontsevich defines the 
star product on the Poisson manifold by a formal power series of A as 

oo 

f*g=J2 xm E «*3r(/,0)- ( 25 ) 
m=o reGm 

Also Cattaneo and Felder have shown that the Kontsevich star product (^) coincides with 
the path integral form of a topological bosonic string (non-linear sigma model): 

/ * g{x) = I f(X(l)g(X(0))e^ x ^VXVri, (26) 

J X (oo)=x 

where the action is defined on a disk D as 

S[X, V ] =J rn(u) A dX\u) + ^a ij (X(u)) Vi (u) A Vj (u), 

and 

• D = {u e R 2 , \u\ < 1}, 

• X and 1] are real bosonic fields, 

• X M, 

• rj is a differential 1-form on D : X*(T*M) ® T*D. 

In the symplectic case, the action can be integrated over ^ and becomes a boundary inte- 
gration by the Stokes's theorem as 

/* S ym P /, , /( 7 (l))^(7(0))e*A d " 1 ^ T) (27) 

where 7 is a loop trajectory from x to x . 

3 Symmetrized Berezin star product 

In this section, we first explain the multiple star product method. Next we define the S- 
star product to clarify the relationship between Moyal and Berezin quantization. However 
the S-star product is not associative in the curved space. So using the multiple star product 
method, we derive an associative star product i.e. the O-star product. 



6 



3.1 Multiple star product method 

Generally the integral forms of the star products can be written as 

/ o g(a) = f duxtf, 7) e^ a ^ f((3)g( 7 ) } {21 



where a, A 7 G M, JC\ = JC/X is an integral kernel and dfi\ = dn/X 2 is a measure which 
relates two points on M. We assume that this star product o satisfies the followings: 

fog = fg + X^ + 0(X 2 ), (29) 

/ol = lo/ = /, (30) 

dfix(P,j) = dfM X (j,P). (31) 

We also add a assumption JC\(a, (3, (3) = in particular. Note that we don't require this 
star product o is associative. Then we call this product o the non- associative star product. 
Next we define the multiple star product of o as 

A N U) = In/n o In-x/n o • • • o h/N o h/N- (32) 

4— N — >V 

An equivalence of the forward product A and the backward product A is necessary at 
least in order that A N is well-defined where 

< — N 

A (/) := (/jv/at o Un-x/n o (• • • o (fx/N o 1) • • •))) 

N N 1 

( n dn\ N {f3 i/Nl 7»/jv)/i/jv(A/Jv)) exp J] — /C A (7i+i/iv, A/at, 7i/tf)> ( 33 ) 



i=l 



— >JV 

^ (/) : = O fN/N)0 •••)<> h/N)0 h/N) 

N N I 



JJ^AJv(/3i/JV,7i/Jv)/i/Jv(A/Jv)J exp^] — /C A (7i-i/v,7i/A r ' A/^)' ( 34 ) 

t=l i=l ^ V 

a = A = Pn+x/n = 7o = Jn+x/n- (35) 

Note that we change the deformation parameter A to XN. ^From this equivalence, we 
obtain a condition 

1 N 

A? 51 (^a(7i+i/jv, A/AT, 7i/w) ~ fcx(li-X/N, Ji/N, A/A 7 )) = °- (36) 
iv 1=1 

Using the boundary condition (j35j) and the additional condition K(a,(3,(3) = 0, this condi- 
tion (^) is also deformed as 



1 N 

5Z (^A(7i+l/V, A/A 7 ") 7i/Jv) - K-xili/Ni Ji+X/N, A+i/at)) = 0. (37) 



This condition corresponds to the associativity condition in the case of h/N — ^ except for 
three /i/jv's. We denote A N (f) := A (f) = A (f) when /Ca satisfies eq. 



3.2 Relationship between Moyal and Berezin Star Product 

The Berezin star product in the flat case, coincides with the Moyal's one except for 
skew-symmetry or asymmetry. This difference is explained as follows. First, we write the 
Moyal star product in complex variables to make clear the correspondence to Berezin star 
product, 

/ * g(z, z) = f(z, z)e h &^-^g(z, z), (38) 
where z = x + ip. This star product is gauge equivalent (|7|) to * st and * ar where 



*st 



e 2hd ^ and * ar = e" 2 ^ , (39) 
because the gauge equivalent condition is satisfied in the case of 

D = e hd z d- Z and D = e -hXd z ^ ( 40 ) 

respectively []V(], [Be, |APS|| . Thus we obtain a star product relation, 

*=(***«•)*■ ( 41 ) 



Here and -kl r can be written in the integral forms [|APS|| as 

f*lg(z,z) = J ldw ^ W e>- z \ 2 f{w, z)g(z, w), 

f*2rg(z,z) = J 27r( _ g) e " gl 1 f(z,v)g(v,z), (42) 

where 9 = —h. Thus we obtain 

, , _v f idv A dv idw A dw i ( _ k _ z |2 + , u ,„ 2 ,2- ) _ 

f*g(z,z) = -J — ^ 6 >f(w,v)g(v,w). (43) 

The star products ( f42"D are two types of the Berezin star product on the flat plane i.e. the 
term — \v — z\ 2 is the Calabi function on the flat plane. Taking this result into account, we 
generalize the Moyal star product * to the S-star product on the Ricci flat Kahler manifold 
|, which is defined by 

f 1 

f®g(z,z) := J d/j l0 (v,v)diJ l -e(w,w)exp-[^(z,z;v,v) - ^(z,z;w,w)Jf(w,v)g(v,iv), 

(44) 

where d[ig(z,z) = h zz idz A dz/2ir8 similarly to the definition fl20|). However, this star 
product is not associative unless flat. This complication is overcome by using the multiple 
star product method. 



§In ||Ma|], it is discussed that the S-star product may be available to general Kahler manifold. 
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3.3 Associativity of Symmetrized Berezin Star Product 



In this section, we attempt to recover the associativity of the S-star product. First, 
we show that the S-star product is non-associative star product. In the case of the S-star 
product, we know the following correspondence: 



a = (z,z), (3 = (w, v), 7 = (v, w), 
A = 9, d/i\(!3,"/) = dfi 8 (v,v)dfi-e{w,w), 



(45) 
(46) 
(47) 

Thus the S-star product clearly satisfies the conditions (|31|) and JC\(a,{3, (3) = . Also it 
is derived in [Ma] that this product satisfies the conditions Q2T3| ) and (ftOp. 

Next, we survey whether the S-star product satisfies the condition fl3T|) or not. In the 
S-star product, Ihs of ( |37"1) is written in terms of the Kahler potential K as 



1 1 

9N 



N 



Ihs = ( K (vt+i/N,Vi/ N ) + K(vi/ N ,v i+ i/ N ) - 2K(v i/N ,v i/N ] 

i=0 

-(K(w i+1 / N ,w i/N ) + K(wi/ N ,w i+1/N ) -2K(w i/N ,w i/N )y 
This result is non-zero but becomes zero in the large iV limit as 

1 f 1 



Ihs 
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dr d(K(v,v) - K{w,w)) = 0, 



where v,w — v(t),w(t) and the boundary conditions (|35|) become 

v(0) = v{\) = w(0) = w(l) = z, v(0) = v(l) = w{0) = w{l) = z. 



(48) 



(49) 



(50) 



Thus A N (f) is ill-defined but A(f) = limAr^oo A N (f) is well-defined. Then we call this star 
product pseudo- associative product. By using A(f) and 



g {i/N^h/N^n) 
f l/N ={ f (i/N = i 2 /N^r 2 ) , 
1 (, /iV ^ r ^ ri) r 2 ) 

we construct an associative star product © in terms of the path integral form as 

f®g(z,z):=A(f) 
= • • • lHlH/HlHl • • • lHlfflpHlHl • • • 



(51) 



N 



Hm / Y[di2 6N (v i / N ,v i / N )diJ_ eN (w i / N ,Wi/ N )exp -Si fiv^/N.w^/^g^/N.w^/N) 
i \ 16 J 



V^iv, v)Vp-o(w, w) exp [^S 1 ] f(v (r 2 ), w(r 2 j)g 



(52) 
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/ 3 ©(/ 2 ©/l) 




(/3®/2)®/l 




Figure 1: If we denote O-star product by a circle, the associativity is shown as above. Here 
o point means the boundary of O-star product as (z, z) . 



where actions are written as follows 



Si = ~Tr^2 (®( v i+i/N,w i+1/N ;Vi /N ,v i/N ) - §(v i+1 / N ,w i+1 / N ;Wi/ N ,Wi/ N )y 
1 ^ i=i 



1 r°° 
S = ~ 

l J-oo 



(ij;(y, v) - ip(v, w)) |^ - (lf)(tU, w) - lj){v, wj) |^ 



dr. 



and the path integral measure is defined by 



N 



T>hq{v, v) := lirn^ d/j0 N (vi/ N ,Vi/ N ) 



Note that ip(z, z) is a canonical conjugation of z, which is defined by 

dK{z,z) 



ip(z,z) :-- 



dz 



(53) 
(54) 

(55) 



(56) 



As above, associative symmetrized Berezin star product is defined as O-star product cor- 
rectly. The associativity is satisfied as illustrated in Figure [l]. 
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4 Construction of Kontsevich Star Product from Mul- 
tiple Star Product Method 

In this section, we show that the multiple Moyal star product corresponds to the path 
integral form of the Kontsevich star product on the flat plane. First preparatory to this 
derivation, we write the multiple Moyal star product in large N limit as 



A*{f) '■= J im fN/N(x,p) -k f N _ 1/N (x,p) -k ■ ■ ■ -k f 2 / N (x,p) -k f 1/N (x,p) 

JM — »oo 



J in L / n 



■Ji/NKQ/N, Vi/N) exp — 2^ 



i=i 



nhN 
i 



nhN 



i=i 



1 1 1 

Si+l/jV Ci/N Ci/JV 
V'i+l/N Vi/N V'i/N 



VZVrjVeVr)' Uf{r;C,v) f [ dr (r, - rf) - (£ - £') ^ 



(57) 



where real fields £, 77, £', 77' have boundary conditions 

x = £(0) = £(1) = £'(0) = £'(1) , p = 77(0) = r/(l) = r/(0) = t/(1), (58) 
and functional measures are defined as follows 



^ := lim % 

i=l 



etc. 



(59) 



In eq. Q57|) , we can integrate out £', 77' by using partial integration and obtain simplified form 

A*(f) = J ViV V n m(r), v(r)) exp % - £ ^dr. (60) 

Here we can change the integration area of r (0, 1) to (—00, 00) by a reparametrization of 
r . Thus eq.(^) and the boundary conditions ( |58"D are changed as 



x = £(±00) = £'(±oo), p = r](±oo) = 77' (±00). 



(61) 



(62) 



Next by using eq.([H]), we show that the multiple Moyal star product is included in the 
path integral form of the Kontsevich star product (|27|). If we put 



fr(x,p) 



f{x,p) (r = l) 
g(x,p) (r = 0) 
1 (r^0,l) 



(63) 
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then 




J V£Vr)f(ai), t?(1)M£(0), ? ? (0))exp^| d~ x u Q , 



(64) 



where 



d Uq := (d£)»7 = V~r dT ' 



(65) 



and 



(66) 



Eg. (|6"4"D corresponds to eq.(^7|) on the flat plane. 

5 Discussions 

In this paper, we have proposed the multiple star product method. It is useful for 
constructing associative star products from pseudo-associative star products. We have 
shown that a pseudo-associative S-star product becomes an associative O-star product by 
using the multiple star product method. It is explained as follows. Although the pseudo- 
associative products break associativity condition a little, the multiple star product method, 
which is a set of infinite pseudo-associative product, smoothes and overcomes this risk and 
the associativity condition ( |37l) is satisfied. In consequence, the pseudo-associative product 
turns to an associative product within the frame work of the path integral formalism. 

The multiple star product method also has been available to well-known associative 
products e.g. the Moyal star product. The multiple Moyal star product coincides with the 
path integral form of the Kontsevich star product on the flat plane. This result implies a 
justice of the multiple star product method. 



A Other Examples 



By using eq. fl61~|) , we can obtain the transition amplitude in quantum dynamics and the 
bosonic string generating function. If we put in eq. (|6~l"D 




1 (r < ti , tp < r) 



we obtain 



Mf) 



lim • • • * 1 * ip F (x) -k e k h ( x >p) * . . . 



•k e fi 



fH(x,p) 
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(68) 



where integration of r < ti,tp < t vanishes because of /(r; x,p) — 1 . 

Next, a bosonic string generating function can be derived from infinite dimensional 
multiple Moyal star products. In ([H]), we put 



f T (x,p) = e i ( k ( T ) x+m ( T )p) . 



(69) 



and obtain 



D i(fc(oo)a;+m(oo)p) 



o i(k(0)x+m(0)p) 



lim e'v^j- 1 e" v '" v "^ 1 ""v"/jv * • • - * e 

AT— >oo 



i(fe(— oo)a;+m(— oo)p) 



(70) 



Here, we generalize x — ► x n)M , p — > p£ where n runs from to oo and fi runs from 1 to 
dimension d . n can be changed to continuous parameter a by the following definitions and 
relations 



%n,^ cos na , p^{a) 



n=0 
oo 



— sin na, 

n=0 71 



Y, X n,t+Pn = 2 / X »^~ d(T - 
n=0 J ° OCT 



Substituting above relation into A mn , we obtain 

I A^ I A^r I f* 



/ Zi r°° r Z7r I 
VXexp - dr dai 
n J-oo Jo \ 



da Or ^ M . 



(71) 



V2 



A*(f) becomes the bosonic string generating function. More details are in [[5W 
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